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Setup

! Confined square cylinder + incompressible Navier-Stokes at Re=150

! Simulation of a blowing/suction control using actuators placed on
the cylinder :

ΓC

jets

∀x ∈ Γc , v(x, t) =C(t) (control law)
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Choice of actuation

Two types of actuation were used :

! Precomputed control law
A function C(t) defined on [0, Tmax ] was chosen before starting the
computation and given as input to the Navier-Stokes equations.
Outside this time interval C(t) = 0.

! Feedback control law
Function C(t) is defined as a proportional feedback law :

C(t) =
Ns∑

j=1

Kjv(xj , t)

where xj is a point in the cylinder wake, Kj a gain coefficient and Ns

the number of sensors.
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Reduced order modelling using POD

! Reduced-order solution :

uR(x, t) =
Nr∑

r=1

ar (t)φ
r (x)

avec Nr << Ngrid .

! Base functions φr are obtained by Proper Orthogonal
Decomposition.

! Reduced order model : POD-Galerkin model

(
∂tuR + uR ·∇uR + ∇p −

1

Re
∆uR , φr

)
= 0

is a system of ordinary differential equations.
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Proper orthogonal decomposition

! Simulation of Navier-Stokes over [0, Tmax ]

⇒ {ui(x) = u(x, t i)}i=1..Nt
= snapshots

! Define L = span{u1, · · · ,uNt}
Find low-dimensional subspace of L that gives the best
approximation of L :

Find orthogonal functions {φr}r=1...Nr with Nr << Nt

and the coefficients âi
k such that :

Nt
X

i=1
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POD-ROM of flow past a bluff body with actuators

! Actuators turned on once the flow is fully developped (t = 0).

! Navier-Stokes simulations with control laws C
i (t), i = 1, Nc

! Each simulation is over a period [0, Tmax ].

⇒ solutions at Nt time instants : ui (x, tk), k = 1..Nt , i = 1..Nc

! Definition of snapshots for building a POD basis :

wk,i (x) = ui (x, tk ) − u0(x) −C
i(tk)uc(x)

where functions u0 and uc are chosen such that the snapshots are equal to
zero at inflow, outflow, and jet boundaries.

! Build one POD basis Φk (C1
, · · · ,C

Nc )
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POD-ROM of flow past a bluff body

We wish the reduced order model to be :

! Accurate when integrated with database control law(s)

! Robust to changes in the control laws applied

! a tool for Optimization : to be used to estimate descent directions
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Building an accurate ROM

! In Navier-Stokes u(x, t) is replaced by u0 +C(t)uc +
Nr∑

k=1

ak(t)Φk(x).

! Projection onto the POD modes leads to a system of ODEs :

{
ȧr (t) = fr (a(t),C(t), X̂)

1 ≤ r ≤ Nrar (0) = a0
r

where : fr (a(t),C(t), X̂ ) = Âr + Ĉkrak(t) − B̂ksrak(t)as(t)

−Êr Ċ(t) − F̂r C
2(t) + [Ĝr − Ĥkrak(t)]C(t)

System matrices Â, B̂ , Ĉ , Ê , F̂ , Ĝ and Ĥ depend only on u0, uc and the
modes Φr and their derivatives.
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Model Accuracy on an example with Nc = 1
A control Law obtained by feedback

! 10 sensors placed in the cylinder wake, K = [0.2 0.2 0.2 0.2 0 0 0 0 0 0]

! Control Law obtained

-0.15

-0.1

-0.05

 0

 0.05

 0.1

 0.15

 120  130  140  150  160  170  180

Robust Reduced Order Models Of A Wake Controlled By Jets 9 / 24

Model Accuracy (1)

! A small number of modes are needed to capture the energy in a
snapshot :

If âk(t) =
(
u(·, t), ΦC

k

)
2

Then u0(x) +C(t)uc(x) +
Nr∑

k=1

âk(t)Φ
C
k (x) ≈ u(x, t) for Nr small

! but there are differences between, ’a’ (solution of the ROM) and ’â’
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Model Accuracy (2)

These differences are emphasized is the case of feedback control laws :
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Calibration

→ Adjust certain system matrices so as to minimize the difference
between âk and ak

where âk(tn) is the the projection of the nth snapshot on the kth mode.

→ Small linear system, independant of Nc and Nt :

min
X

∫ T

0

Nr∑

k=1

Nc∑

i=1

(
˙̂ai
k(t) − fk(â

i(t),Ci (t), X )
)2

dt + α‖X − X̂‖
2

where âi
k(t

n) =
(
ui(·, tn), Φk )

)

with α a small regularization parameter .
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Effect of calibration (1)

-2.5

-2

-1.5

-1

-0.5

 0

 0.5

 1

 1.5

 2

 2.5

 120  130  140  150  160  170  180
-0.4

-0.3

-0.2

-0.1

 0

 0.1

 0.2

 0.3

 0.4

 120  130  140  150  160  170  180
-0.2

-0.15

-0.1

-0.05

 0

 0.05

 0.1

 0.15

 0.2

 0.25

 120  130  140  150  160  170  180
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Effect of calibration (2)

Vorticity reconstruction before calibration, without and with feedback.
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Multi-control Models

! Three controls ⇒ Base solutions u1, u2, u3

! Seven Databases = Seven POD bases = Seven Models

U1 = {u1}, U2 = {u2}, U3 = {u3}

U4 = {u1,u2}, U5 = {u1,u3}, U6 = {u2,u3}

U7 = {u1,u2,u3}

! Project base solutions onto POD bases : → a(base k , pod i)
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Numerical Results for model robustness
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Using the Model for control (1)

Optimization problem

! Formulation :
Find control law C(t) to apply on Γc such that :

C = argmincF(u) = argminc

∫ T

0
J (u(·, t)) dt

is minimal where u is solution of the incompressible N-S equations.

! Degrees of freedom :

! if C is precomputed, C is projected onto a B-spline subspace of
dimension Nb and optimization is performed over the B-spline
control points.

! if C is obtained by proportional feedback, optimization is performed
over the gain coefficients.

→ Optimization performed of a set of Nopt control coefficients.
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Using the Model for control (2)

Choice of functional

Seek C that solves :min
c

‖u− ū‖

where ū is the steady unstable solution.

Steady unstable solution at Re=150
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Using the Model for control (3)

ROM/Optimization algorithm

! step 0 : choose C
0,run N-S with C

0, build POD-ROM model.
Set m = 0

! step 1 (ROM) : Use the model to calculate gradient of the
functional with respect to the control coefficients of C

m.
Use gradient conjugate method to reduce functional, stop when

! a minimum is reached
! the change in control coefficients is too large

! step 2 (FULL NS) : Inject new control into N-S and reevaluate
functional

! if functional has evolved as predicted :
Form database with new simulation and previous one
m ← m+1

! if not : Form a database including the previous solution(s) and the
new one

! step 3 : Build POD-ROM model with defined database.
Go to step 1.
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Using the Model for control (4)
Numerical results at Re=150

! time period ≈ 6 shedding cycles

! precomputed control

Initial vorticity at time Tmax

Vorticity at time Tmax after ROM/Optimization
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Using the Model for control (5)
Numerical results at Re=150

! time period ≈ 6 shedding cycles

! proportional feedback control with 10 sensors

Initial vorticity at time Tmax

Vorticity at time Tmax after ROM/Optimization
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Using the Model for control (6)

And after Tmax ?

Initial vorticity at time Tmax

Vorticity at time 2Tmax after ROM/Optimization on [0, Tmax ].
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Using the Model for control (7)

Optimization fter Tmax ?

Initial vorticity at time Tmax

Vorticity at time Tmax after ROM/Optimization on [0, Tmax ].
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Conclusions and Future Work

! Accurate reduced-order model of the actuated flow, that is robust to
parameter variations

! The model has been used to control the flow past a square cylinder,
at Re=150

! Use the model online.

! Use More efficient controls : we are working on a
proportional-integral control

! Add the pressure to the model
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